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Correction Exercices 1 et 6 du DS no 3

Exercice 1.

1.❀❀ S1 = 2
17
∑

k=0

k +
17
∑

k=0

7

= 2× 17×18
2

− 7× (17 + 1)
= 17× 18− 7× 18
= 10× 18

S1 = 180

S2 =
12
∑

p=3

1

2p
+

12
∑

p=3

p

=
12
∑

p=3

(

1

2

)p

+
12
∑

p=3

p

=
(

1
2

)3 1− (1
2
)12−3+1

1− 1
2

+ (12− 3 + 1)12+3
2

= 1
8

1− 1
1024
1
2

+ 10× 15
2

= 1
4
× 1023

1024
+ 75

S2 =
1023
4096

+ 75

2. (a)❀
1

2(k−1)
− 1

2(k+1)
= k+1−(k−1)

2(k−1)(k+1)
= 2

2(k2−1)
= 1

k2−1
, donc ∀k ∈ [[2,+∞[[, 1

2(k−1)
− 1

2(k+1)
= 1

k2−1
.

(b) Pour n > 2,
n
∑

k=2

1

k2 − 1
=

1

2

(

n
∑

k=2

1

k − 1
−

n
∑

k=2

1

k + 1

)

=
1

2

(

n−1
∑

p=1

1

p
−

n+1
∑

ℓ=3

1

ℓ

)

avec p = k − 1 :
k va de 2 à n
p va de 1 à n− 1

et ℓ = k + 1 :
k va de 2 à n
ℓ va de 3 à n+ 1

=
1

2

(

1
1
+ 1

2
+

n−1
∑

p=3

1

p
−

n−1
∑

ℓ=3

1

ℓ
− 1

n
− 1

n+ 1

)

n
∑

k=2

1

k2 − 1
=

1

2

(

3

2
− 2n+ 1

n2 + n

)

3.❀❀(a) A(x) = x6 + 6x5 × 2 + 10x4 × 22 + 20x3 × 23 + 10x2 × 24 + 6x× 25 + 26

A(x) = x6 + 12x5 + 60x4 + 160x3 + 240x2 + 192x+ 64

(b) (1− 2i)5 = 1 + 5× (−2i) + 10× (−2i)2 + 10× (−2i)3 + 5× (−2i)4 + (−2i)5

= 1− 10i+ 10× 4i2 − 10× 8i3 + 5× 16i4 − 32i5

= 1− 10i− 40 + 80i+ 80− 32i

(1− 2i)5 = 41 + 38i
4
∑

k=0

(1− 2i)k =
1− (1− 2i)5

1− (1− 2i)
=

1− (41 + 38i)

2i
=

(−40− 38i)× (−i)

2
= −19 + 20i

4. (a) tan(x) =
1√
3
⇐⇒ ∃k ∈ Z, x = arctan

(

1√
3

)

+ kπ❀❀

⇐⇒ ∃k ∈ Z, x = π
6
+ kπ

Ainsi SR =
{

π
6
+ kπ, k ∈ Z

}

, et S[0,2π[ =
{

π
6
, 7π

6

}

.

(b) cos(3x+ π
6
) =

√
2
2

⇐⇒ ∃k ∈ Z, 3x+ π
6
= π

4
+ 2kπ ou 3x+ π

6
= −π

4
+ 2kπ

⇐⇒ ∃k ∈ Z, 3x = π
4
− π

6
+ 2kπ ou 3x = −π

4
− π

6
+ 2kπ

⇐⇒ ∃k ∈ Z, x = π
36

+ 2kπ
3

ou x = −5π
36

+ 2kπ
3
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Ainsi SR =
{

π
36

+ 2kπ
3
, k ∈ Z

}

∪
{

−5π
36

+ 2kπ
3
, k ∈ Z

}

.

Et S[0,2π[ =
{

π
36
; 25π

36
; 49π

36
; 19π

36
; 43π

36
; 67π

36

}

.

(c) sin(x)− sin(3x) = 0 ⇐⇒ sin(x) = sin(3x)
⇐⇒ ∃k ∈ Z, x = 3x+ 2kπ ou x = π − 3x+ 2kπ

⇐⇒ ∃k ∈ Z, −2x = 2kπ ou 4x = π + 2kπ

⇐⇒ ∃k ∈ Z, x = −kπ ou x = π
4
+ kπ

2

Ainsi SR = {−kπ, k ∈ Z} ∪
{

π
4
+ kπ

2
, k ∈ Z

}

et S[0,2π[ =
{

0; π; π
4
; 3π

4
; 5π

4
; 7π

4

}

.

5.❀❀(a) |2x+ 3| 6 1 ⇐⇒ −1 6 2x+ 3 6 1 ⇐⇒ −4 6 2x 6 −2 ⇐⇒ −2 6 x 6 −1

S = [−2;−1] .

(b) |−x+ 1| =
{

−(−x+ 1) si −x+ 1 6 0
−x+ 1 si −x+ 1 > 0

c’est-à-dire |−x+ 1| =
{

x− 1 si x > 1
−x+ 1 si x 6 1

De même, |2x− 6| =
{

−2x+ 6 si x 6 3
2x− 6 si x > 3

Donc :
x 1 3

|−x+ 1| −x+ 1 | x− 1 | x− 1
|2x+ 6| −2x+ 6 | −2x+ 6 | 2x− 6

|−x+ 1|+ |2x+ 6| = 3 ⇐⇒ −3x+ 7 = 3 | −x+ 5 = 3 | 3x− 7 = 3
−3x = −4 | −x = −2 | 3x = 10
x = 4

3
| x = 2 | x = 10

3
4
3
/∈ ]−∞, 1] | 2 ∈ [1; 3] | 10

3
> 3

Finalement, S =
{

2; 10
3

}

.

Exercice 6.

1. (a) 1 + ei
π

3 = 1 + cos(π
3
) + i sin(π

3
)

= 1 + 1
2
+ i

√
3
2

= 3
2
+ i

√
3
2

et
√
3ei

π

6 =
√
3 cos(π

6
) + i

√
3 sin(π

6
)

=
√
3×

√
3
2
+ i

√
31
2

= 3
2
+ i

√
3
2

Donc 1 + ei
π

3 =
√
3ei

π

6 .

(b) ei(
kπ

3
+π

4
) = cos(kπ

3
+ π

4
) + i sin(kπ

3
+ π

4
).

2. (a) Pn =
n
∑

k=0

(

n

k

)

cos

(

kπ

3
+

π

4

)

+ i

n
∑

k=0

(

n

k

)

sin

(

kπ

3
+

π

4

)

=
n
∑

k=0

(

n

k

)(

cos

(

kπ

3
+

π

4

)

+ i sin

(

kπ

3
+

π

4

))

=
n
∑

k=0

(

n

k

)

ei(
kπ

3
+π

4
)

= ei
π

4

n
∑

k=0

(

n

k

)

(

ei
π

3

)k

= ei
π

4

n
∑

k=0

(

n

k

)

(

ei
π

3

)k × 1n−k

= ei
π

4

(

1 + ei
π

3

)n
par binôme de Newton

= ei
π

4

(√
3ei

π

6

)n
d’après 1.(a)

Pn = ei
π

4 × (
√
3)n × ei

nπ

6
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(b) ei
π

4 = cos(π
4
) + i sin(π

4
) =

√
2
2
+ i

√
2
2

=
√
2
2
(1 + i).

Donc Pn = (
√
3)n ×

√
2
2
(1 + i)

(

cos
(

nπ
6

)

+ i sin
(

nπ
6

))

= (
√
3)n ×

√
2
2

(

cos
(

nπ
6

)

+ i sin
(

nπ
6

)

+ i cos
(

nπ
6

)

+ i2 sin
(

nπ
6

)

)

=
√
2×(

√
3)n

2

(

cos
(

nπ
6

)

− sin
(

nπ
6

)

+ i
(

sin
(

nπ
6

)

+ cos
(

nπ
6

))

)

Or Cn = Re (Pn) donc Cn =
√
2×(

√
3)n

2

(

cos
(

nπ
6

)

− sin
(

nπ
6

))

.

(c) Sn = Im (Pn) donc Sn =
√
2×(

√
3)n

2

(

cos
(

nπ
6

)

+ sin
(

nπ
6

))

.

Bonus :

(a) Pour n ∈ N
∗, Cn = 0 ⇐⇒ cos

(

nπ
6

)

= sin
(

nπ
6

)

⇐⇒ cos
(

nπ
6

)

= cos
(

π
2
− nπ

6

)

⇐⇒ nπ
6
= π

2
− nπ

6
(2π) ou nπ

6
= −π

2
+ nπ

6
(2π)

⇐⇒ nπ
3
= π

2
(2π) ou π

2
= 0 (2π)

Or nπ
3
= π

2
(2π) ⇐⇒ ∃k ∈ Z, n = 3

2
+ 6k ce qui n’est pas possible car n et k sont entiers.

Et π
2
= 0 (2π) n’est pas possible non plus car π

2
et 0 sont tous deux dans l’intervalle [0, 2π].

Donc Cn n’est jamais nul .

(b) Qn =

√
2×(

√
3)n

2

(

cos
(

nπ
6

)

+ sin
(

nπ
6

))

√
2×(

√
3)n

2

(

cos
(

nπ
6

)

− sin
(

nπ
6

))

=

√
2
2
cos
(

nπ
6

)

+
√
2
2
sin
(

nπ
6

)

√
2
2
cos
(

nπ
6

)

−
√
2
2
sin
(

nπ
6

)

=
cos(π

4
) cos

(

nπ
6

)

+ sin(π
4
) sin

(

nπ
6

)

sin(π
4
) cos

(

nπ
6

)

− cos(π
4
) sin

(

nπ
6

)

=
sin
(

π
4
+ nπ

6

)

cos
(

π
4
+ nπ

6

)

Qn = tan
(

π
4
+ nπ

6

)
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